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ABSTRACT : P- and S-wave velocities have been measured on six sandstone samples with different porosities and permeabilities
under hydrostatic confining stresses to 60 MPa, while maintaining the pore pressure at 1 atmosphere. In addition, the air
permeability of these sandstones in their dry condition and their electrical conductivity in the brine-saturated state have been
measured under the same confining stresses at the same time as the velocity measurements. The theory of Toksoz et al. (1976) is
employed to model velocity data. The fluid flow model of Walsh and Brace (1984) has been used to model the transport properties
of the rock as a function of confining stress. In the latter case, the change in half crack aperture determined from permeability and
electrical conductivity is related to the change in crack porosity which, in turn, can be obtained from the theory of Toksoz et al.
(1976). It is found that the relationship between the two parameters is linear, with a slope representing the pore surface area per
unit bulk volume of the rock. The results have been compared with those obtained from scanning electron microscope (SEM)
photographs and reasonable agreement has been observed.

INTRODUCTION

The elastic and transport properties of porous rocks,
such as those found in oil and gas reservoirs, depend strongly
upon the geometry of their pore space. It is claimed that no
simple correlation exists between porosity and other physical
properties such as velocity and permeability (Bourbie et al.,
1987). The elastic wave velocities of porous rocks are the
elastic properties most often studied; on the other hand,
permeability and electrical conductivity are transport
properties of most interest to both geophysicists and
petroleum engineers. Many factors influence the magnitudes
of elastic velocities and transport properties. Major parameters
include porosity, types of fluid saturating the pore spaces of
the rock, confining and pore pressures and mineral
composition. For oil field applications, direct measurement of
permeability necessitates forcing a fluid through a large bulk
of rock. This is difficult and expensive. It is, therefore, desirable
to estimate permeability from other physical properties, even
if it is of modest accuracy (Berryman and Blair, 1986). It is
intended in this paper to relate elastic properties to transport
properties in order to make some estimate of permeability under
particular in situ conditions.

EXPERIMENTAL PROCEDURES

Six sandstones of different porosity and permeability
were used in this experiment. Most samples are clean arenites
with a range of porosities lying between 13.5 and 22.1 percent
and permeabilities between 15 and 1186 md. All of the
sandstone samples were cut to a length of approximately 6.1
cm and a diameter of 5.4 cm.

The pulse first arrival technique is employed to
measure the compressional- and shear-wave velocities on
sandstones. At the same time as the velocity measurements
were being made, the permeability of the samples under the
same confining stresses were measured. A dry nitrogen gas
cylinder, a pair of flow-meters and a pair of manometers are
employed to measure the gas flow through and pressure
gradient across the sample. By applying Darcy’s law, the
permeability can easily be calculated.

The sandstone samples were then saturated with
brine by means of a vacuum core saturator. After this stage,
the velocity measurements under the same states of stress as
those for the dry rocks were made. The electrical conductivity
in the brine-saturated condition has been measured under the
same hydrostatic pressures and at the same time as the
saturated velocity measurements. A gain-phase meter, a
function generator and a precision resistance are the
constituents of the electronic system for measuring the
electrical conductivity of the rock samples. The measuring
circuit is of the two-electrode type with the two transducer
holder acting as electrodes.

THEORETICAL MODELING OF THE ELASTIC
PROPERTIES

Toksoz et al. (1976) is employed for modeling the
velocity data. In this theory a rock is assumed as a solid phase
embedded with randomly oriented spheroidal inclusions with
different aspect ratios. When the rock is subjected to changes
in hydrostatic pressure, its elastic moduli change. The most
important factor which affects the elastic properties of the
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rock is the change of porosity with pressure. When hydrostatic
pressure is applied, the spheroidal pores deform and become
thinner and at a critical pressure, pores of smaller aspect ratios
close all together. There is, therefore, a decrease in porosity,
although it is generally quite small. Toksoz et al. (1976) caculated
the change of porosity as a function of pressure for spherical
and spheroidal pore shapes by determining the strain field
and deformation around each pore, and obtained the
relationship

(1)

Where all E
i 
terms are functions of aspect ratio, α,

and some effective matrix moduli, K
A
 or µ

A
, defined as the

effective static matrix moduli of the rock with all pores except
those with aspect ratio α. P is the applied hydrostatic pressure,
c is the volume concentration of pores and K* is the effective
static bulk modulus. The expression for E

i
 terms are given in

Toksoz et al. (1976). The authors assume that the static moduli
are independent of fluid content and equal to the effective
dynamic moduli of the dry rock. Since the volume of a spheroid
of radius r and aspect ratio of α is c = (4/3) πr3α, and making
the assumption that changes in r under confining stress are
small, we can write

α
dα

c

dc = (2)

This result means that the fractional change in aspect
ratio of a pore is equal to the fractional change of the volume
concentration of that particular pore.

THEORETICAL MODELING OF THE TRANSPORT
PROPERTIES

The fluid model of Walsh and Brace (1984), for which
the complicated flow network through the pore phase of rock
is replaced by a single representation conduit, has been
adopted for modeling the transport properties. The model has
the ability to simulate changes in transport properties with
confining stress. Having accepted the hypothesis that electrical
current and fluid flow follow the same path in the rock, Walsh
and Brace (1984) derive a relationship between permeability k
and formation resistivity factor F as follows

m = (k
o
kF)1/2 (3)

in which k
o
 is a shape factor, m is the mean hydraulic radius

which is defined as the ratio of the volume of a conduit to its
wetted surface area

m = φV
b 
/s (4)

Where V
b
 is the bulk volume of the medium, s is the

surface area of the pore structure and φ is the porosity.

When a rock containing cracks is subjected to a
confining stress, the cracks begin to close. Those with the
smallest aspect ratios close at the lowest stresses. The
significant changes in the transport properties of porous rocks
under lower confining stresses are mostly due to closure of
thin cracks. In addition, the cross-section of pores with higher
aspect ratios decreases under confining stress, which in turn
affects the rate of flow through the rock. The change ∆a in
half aperture is related to the change in hydraulic radius ∆m
by (Walsh and Brace, 1984)

∆a = ∆m (5)

In the elastic range, the pore surface area per unit
bulk volume s/V

b 
is nearly independent of confining stress

and changes in porosity are almost due to changes in aperture,
although the closure of very small aspect ratio cracks under
stress reduces the specific surface area to some extent. By
applying Archie’s equation

F = φ-r (6)

where r is cementation factor, and replacing m by its
value in (4), equation (3) can be rearranged to give

k = CF-x (7)

where

x = (2/r) + 1    and     C = (1/k
o
) (V

b
/s)2

Another parameter on which the permeability is based
is the shape factor k

o
. The range of values for k

o 
is between 2.0

for conduits with circular cross-section area and 3.0 for crack-
like conduits (Walsh and Brace, 1984). Paterson (1983) in a
series of experiments on 5 sandstone samples with porosities
ranging from 0.16 to 0.23 has found that using k

o 
= 3.0 in

calculating permeability gives a slightly better agreement with
the data than choosing 2.5 for k

o
. However, since the range of

k
o
 is not very large, any error introduced in calculating

permeability is not significant.

Figure 1 shows the plots log k versus log F for six
sandstone samples used in this work. The exponent x in the
relationship k = CF-x (equation 7), for all of the samples is
between 1.75 and 2.33 except for Doddington sandstone for
which the slope is found 3.69. These results are consistent
with the model of Walsh and Brace (1984), in which x is predicted
to have values between 1 and 3. However, for Doddington
sandstone the change in formation factor with increasing
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Figure 1: Log k versus log F for six sandstone samples. The slope of the line, x, is given in each plot.
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stress was found to be very small and this resulted in higher
slope.

RELATING VELOCITY TO TRANSPORT PROPERTIES

Accepting the model proposed by Walsh and Brace
(1984) for modeling the transport properties of porous rocks,
changes in half crack aperture ∆a can be related to the transport
properties by combining equations (3) and (5)

∆a = ∆ (3kF)1/2 (8)

where k
o 
is given a value of 3 as suggested by Paterson (1983).

Moreover, the changes in half crack aperture can be related to
changes in crack porosity ∆φ

c
 by (Walsh and Brace, 1984)

∆a = ∆φ
c
 (V

b
 /s) (9)

By equating (8) and (9) it is seen that the parameter
(3kF)1/2 is linearly proportional to changes in crack porosity
with the constant of proportionality equal to V

b 
/s, the inverse

of pore surface area per unit bulk volume

∆(3kF)1/2 = (V
b 
/s) ∆φ

c
(10)

Changes in crack porosity under confining stress
can be determined by inverting velocity measurements using
the theory of Toksoz et al. (1976).

Having accepted the theory of Toksoz et al. (1976)
for modeling the elastic properties, the changes in crack
porosity have been calculated at each stress level. All
spheroids having aspect ratios 0.1 or less are considered as
cracks here. With the assumption made in Toksoz et al. (1976)
that the changes in the radii of spheroidal cracks under stress
are small, the fractional change in crack porosity is related to
the fractional change in crack aspect ratio (equation 2). Figure
2 shows the parameter (3kF)1/2  calculated from transport
properties versus changes in crack porosity determined by
inverting velocities for six sandstone samples. It can be seen
that a linear relationship exists between two parameters, as
predicted by equation (10). The inverse of the slope of the line
indicates pore surface area per unit bulk volume of the rock
sample, which is noted in each of the plots.

Now an attempt is made to compare the pore surface
area per unit bulk volume, s/V

b 
obtained from the relationship

between the elastic and transport properties and that
determined from the method of quantitative stereology. For
determining pore-grain interface area per unit bulk volume s/
V

b
, the relationship is (Underwood, 1970)
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s/V
b 
= 2P

L
 = 4N

L
(11)

where P
L
 is the number of intersections of a test line

with traces of the pore-grain surfaces per unit length of test
line, and N

L
 is the number of pore features intersected per unit

test line. In this work, the surface area per unit bulk volume is
calculated by laying a grid of 10×10 orthogonal lines over
each SEM photograph and counting the number of
intersections observed per unit length of each test line, P

L
,

with the pore-grain contact surface. This procedure has been
performed on two SEM photographs obtained from two
orthogonal polished sections for each sandstone. For each
sample there are therefore 40 test lines from which the mean
number of intersections, P

L
, can be calculated. The surface

area per unit bulk volume can then be determined by employing
equation (11).

Table 1 gives the specific surface area determined
from line intersections and those predicted by the model. The
agreement between those two values of s/V

b
 is reasonable.

For Berea No.3 and Springwell sandstones the difference
between predicted and measured values of specific area is
larger than those of the other samples. These two sandstones
have the lowest permeabilities of all samples tested here.
However, it should be noted that the SEM photographs used
for measuring the s/V

b
, represent an area of almost 2×2 mm2

of a thin section provided from each rock sample. This does
not represent the pore structure of whole rock, although
statistically it is assumed that the rock sample is isotropic and
thus the pore structure in any random plane is identical. It is
expected that better results would be obtained if automatic
image processing were employed on a large number of SEM
photographs obtained from different parts of each rock sample.

Table 1: Specific surface area of the sandstone samples
predicted from the model and those determined from
optical method.

Rock Sample   Specific surface area (cm-1)
Model Optical method

Berea No. 1 280 223
Berea No. 3 416 267
Springwell 409 180
Penrith 175 121
Dunhouse 161 180
Doddington 120 147
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Figure 2: Change in aperture (3kF)1/2 versus change in crack porosity ∆φ
c
 for six sandstone samples. The

inverse of the slope gives the pore surface area per unit bulk volume and is given in each plot.
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CONCLUSION

The elastic wave theory of Toksoz et al. (1976) has
been used to model the velocity data and a good fit has been
found for both P- and S-wave velocities in the dry and brine-
saturated states. For modeling the transport properties, the
theory of Walsh and Brace (1984) has been employed, and
extended to include pressure effects. Permeability and
formation resistivity factor have been linearly related in a log-
log plot with slopes lying between 1.75 and 2.33 for five of the
six sandstones, which is consistent with the model prediction.
The exception is Doddington sandstone for which the slope
was found 3.69. For this rock sample the electrical conductivity
was almost independent of stress.

The half crack aperture determined from the model of
Walsh and Brace (1984) is related to the change in crack
porosity obtained from the theory of Toksoz et al. (1976) and
a linear relationship has been found. The inverse of the slope
of the line indicates pore surface area per unit bulk volume.
These values were then compared with the data obtained from
SEM photographs. For most cases the agreement is
reasonable.

Given the formation resistivity factor at different
confining stresses and permeability at a particular stress, and
calculating the change in crack porosity from velocity data,
one can estimate the permeability at other confining stresses,

provided that the pore surface area per unit bulk volume of
the rock has been determined. As an example, for a reservoir
experiencing a large reduction in fluid pressure, the theory
could be used to predict the decrease in permeability resulting
from the increase in effective stress.
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